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Abstract

This study aims to discuss the existence and uniqueness of solution of fuzzy Volterra
integral equations with piecewise continuous kernels. These types of problems are often
encountered in balancing issues for systems with hereditary dynamics, such as electric load
leveling. The method of successive approximations is applied and the main theorems are
proved based on the method. Some examples are discussed and the results are presented for
different values of u by plotting several graphs.

keywords: Fuzzy Volterra integral equation; Piecewise kernel; Successive approximation;
Error estimation.

1 Introduction

Fuzzy integral equations (FIEs) are among applicable and important problems of Engineering,
Physics, Biology, Chemistry and many other fields. Bede and Gal [3], Friedman and Ma [5] and
Goetschel and Voxman [6] have some studies on theory of FEIs. Ziari and Abbasbandy solved
nonlinear FEIs using fuzzy quadrature rules [11]. The Reproducing Kernel Hilbert space method
has been applied by Javan et al. in [12], the radial basis functions has discussed by Asari et
al in [13]. Amirfakhrian et al. used the fuzzy interpolation techniques for solving FIEs in [14].
Also many other techniques for solving FIEs can be found in [15]. In [17] the well-known sinc-
collcation method in both DE and SE precisions were used for solving fuzzy Fredholm integral
equations. In [18] combining of the homotopy analysis method and Laplace transformations
were applied to study the FEIs of the Abel type. In [19, 20] the CESTAC method and the
CADNA library were employed to identify the optimal results of the homotopy analysis method
for solving FIEs. Also the numerical solution of the fuzzy Volterra integral equation with weakly
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singular kernel and its smoothness of the solution have been discussed by Alijani and Kangro in
[21, 22].

Volterra integral equation with piecewise continuous kernel is known and applicable problem
which can be employed in various balance problems including electric loading problem. Sidorov
et al. in [23, 24] studied the generalized solution of Volterra integral equations. Solvability of
this problem has been illustrated by Sidorov in [26, 27] and Muftahov and Sidorov in [25]. The
successive approximation method was used to find the solution of Volterra integral equations
in [28]. The numerical solution of this problem can be found in [29]. Also some numerical
and semi-analytical methods can be found for solving Volterra integral equations with piecewise
kernel such as the spline collocation method [30], Lagrange-collocation method [31], Adomian
decomposition method [33], homotopy perturbation method [34], the collocation method with
Taylor polynomials [35] and other [32]. For more details on the theory of Volterra integral
equations with piecewise continuous kernels readers may refer to monograph [1]. Such equations
naturally generalizes the non-classic Volterra equations studied in monograph [2].

This study deals with the novel class of fuzzy Voltera integral equation (FVIE) with piecewise
continuous kernel

m o g,(v)
Z(v)=Y () ® (FR) E /0 ( )Kt(r,v) O G(Z(r)dr, z <s,v<T< z9, (1)
t=1 v V-1

where
z1 =:00(v) < 01(v) < ... <Opy_1(v) <Opy(v):=v, 2 <v<T <2z

and the kernel K (r,v) is a crisp and positive function over the square z; < s,v < T < 29, Z(v)
shows a fuzzy real valued function and G : Ry — R, is continuous. Also K;(r,v) is a piecewise
kernel along continuous curves 6;(v),t = 1,2,...,m’, therefore Ki(r,v), Ko(r,v), ..., K, (r,v) are
uniformly continuous with respect to ¢ and there exist M; > 0 such that My = max;, <y y<z, |[K¢(r,v)].
We applied the successive approximations for solving problem (1). The existence of solution the-
orem is also discussed. Also the main theorem is proved below to show the error estimation of
the problem. Solving some examples in both linear and nonlinear and plotting error graphs and
also graphs of fuzzy approximate solutions, the ability and efficiency of the method are shown.

This paper is organized as follows. Section 2 provides the preliminaries of fuzzy mathematics.
Section 3 is the main idea of this study. Also in this section the main existence of solution theorem
is illustrated. Section 4 shows the error estimation of the successive approximation method for
solving problem (1). Section 5 provides the linear and nonlinear examples. Using some graphs
we show the accuracy of the method. Section 5 is the conclusion.

2 Preliminaries

We have reported the main definitions and theorems of fuzzy mathematics [3, 4, 5, 6, 7, 8|.

Definition 1. Based on the following properties a fuzzy number p : R — [0,1] can be defined as
a function:



1. p is normal which is Jxg € R;p(xg) =1,

2. p is fuzzy convex set p(yx + (1 —)y) > min{p(z),p(y)},Vx,y € R,y € [0, 1].
3. p is upper semi-continuous on R,

4. {x € R:p(x) > 0} is a compact set.

R, shows all fuzzy numbers sets.

Definition 2. (p(u),p(p)),0 < p < 1 is the parametric form of an arbitrary fuzzy number
satisfying the following conditions:

1. p(p) is a bounded left continuous non-decreasing function over [0, 1],
2. p(p) is a bounded left continuous non-increasing function over [0, 1],
8. p(p) <p(p),0<pu<1
We show the scalar multiplication and addition of fuzzy numbers as:
1 (pop)(p) = (p(p) + p1(p), P(p) +Pr(p)),

u vp(r)) v =0,

2. (v p)( M) v <0.
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Definition 3. Let p = (p(n),p(1t)), 1 = (p1(p), p1(e)) be two fuzzy numbers then the distance
can be defined as

D(p,p1) = s max{[p(p) = p()l, [p(w) = Pr(p)l}-
mel0,

We have the following properties for distance D.
Theorem 1. 1. (Ry,D) is a complete metric space,
2. D(p ® pa, p1 ® p2) = D(p,p1)Vp,p1,p2 € R,
3. D(k ©p,k ©p1) = [k[D(p,p1), VP, ;1 € R VE €R,
4. D(p® p1,p2 ® p3) < D(p,p2) + D(p1,p3)Vp, p1,p2,p3 € Ry
Theorem 2. 1. We have a commutative semigroup for (Ry, @) with the zero element (Ry, ®).

2. There is no opposite element if there are fuzzy numbers which are not crisp (R, ®) cannot
be a group).

3. Vz1,20 € R with 21,290 > 0 or z1,22 < 0 and Vp € Ry, one get (z21+22) Op = 21 OpD 22 Ou.
4. Vy €R and p,p1 €Ry, one get y© (p@p1) =70 pdYOM

5. Vv,u€R and p € Rp, one get v (u®p) = (yu) © p.



6. There is the general attributes of the norm for of ||.|y : Ry — R by ||pll; = D(p,0) which
is [lpllr =0 p=0, [vyoprlr =hllplr end llp@pillr < llpllr +lp2llr

7. el + llpillr] < D(p,p1) and D(p,p1) < |Ipllr + p1lly for any p,p1 € Ry .

Definition 4. Continuity of a fuzzy real number valued function'Y : [z1, z2] — Ry can be defined
in xg € [z1,22] as Ve >0, 3p > 0; D(Y (z),Y (20)) < &, whenever x € 21, 22] and |x — xo| < p.

Definition 5. Assume thatY : (21, 22] = Ry is a bounded mapping. The modulus of continuity
Wizy,20] (Y5:) : Ry U{0} = Ry ds defined as

Wizy 2] (Vs p) = sup{D(Y (), Y (y)) : x,y € [21, 2], [x —y| < p}. (2)
Also wiz, 2,1 (Y, p) is the uniform modulus of continuity of Y if Y € Cy |21, 22].
Theorem 3. We have the following properties for the modulus of continuity:
1. DY (2), Y (9)) < ey oy (Vs 2 — yl) Jor any .,y € [21, 2]
Wiz 2] (Y5 p) ds increasing function of p,

(
(Y,0) =
Wizy,20] (Yo 1+ p2) S Wiy 2] (Y, p1) + Wiy 20) (Y p2), p1,p2 20
(
(

W(z1,20]

AT

Wizy,20] (Vs mp) < nwyy, Lo (Y, p) for any p >0 andn € N,

6. Wz1,22] Y, ’7:0) (7 + 1)w[zl,z2}(K p)7 p,y =0,
7. For |23, 24] C [21, 22] one get wiz, (Y, p) < Wiz, 2,1 (Y, p).

Definition 6. Assume that Y : [21,22] — Ry. Y is a Riemann integrable of fuzzy type to
I(Y) e Ry if Ve >0, 3p > 0;V division P = {[p,p1] : £} of [z1, z2] with the norms A(p) < p, it
holds

D (Z*(m -p) O Y(ﬁ),I(Y)> <& (3)

P

where Y. " shows the fuzzy summation. Then

_ (FR) / Y (2)da

(FR) [Z2Y (t;r)dt = [72 Y (t;7)dt,

And for'Y € Cy [z, 2] it follows

(FR) [Z2Y (t;r)dt = [22Y (t;7)dt



Lemma 1. If Y,V : [Zl,ZQ] C R — Ry are fuzzy and continuous functions, then Y : [z1, z2] —
Ry by F(z) =D(Y(z),V(x)) is continuous on [z1, z2] and

<fR/ Y (x)da, ( fR/ V(z dz:) /D (z))dx. (4)

Theorem 4. Assume that Y : [z1,22] — Ry is a Henstock integrable and a bounded function.
Then for z1 = g < x1 < ... < Tp = 22 and & € [x;_1,x;] it gives:

22 n
D <(]:H)/ Y(t)dt, g *( — T 1 © Y fl > E — Ti— 1 a:l,a:i_l}(yva T — CL’i,l)
1 i=1

Corollary 1. Let Y : [z1,20] — Ry be a bounded and Henstock integrable function. Then

D ((FH) [2Y (0t (2 — 21) 0 Y (352)) < 25500, (v, 252)

D ((FH) [2 Y (0)dt, 252 0 (Y (21) © Y (22))) < 2550, (Y, 252)

D ((}"’H) [2Y(t)dt, 2552 0 (Y(z1) @40 Y (252) @ Y(za))) < 2(2—21) Wiy ) (Y; 2522).

3 Main Idea

In this section let us discuss the existence and uniqueness of the solution of problem (1) based
on the successive approximations. Assume X = {Y : [z1,20] — Ry : Y is continuous} is
the continuous functions space with fuzzy distance D*(Y,V) = sup,, <,<,, D(Y(v),V(v)). Let
A: X — X be a nonlinear integral operator. Application of A for the problem (1) gives

m/ 0¢(v)

AZw) =Y() & (FR) Y. /0 Kl 0) O GUE)r, Vs, € [, ], VF € X
v=1"Vt-1v

Then

Theorem 5. Assume that the kernels Kq(r,v), Ko(r,v), ..., Ky (r,v), 21 < s,0 < T < zo are
positive and continuous. Let function Y (v) be a fuzzy continuous of v, z1 < v < T < z.
Moreover

AL > 0; D(G(Z1(p)), G(Z2(p1))) < LD(Z1(p), Z2(p1)),  Vp,p1 € [21, 22

If c = Z?i/l M,L(0; — 0:—1) < 1 then there is a unique solution F* € X for the FVIE (1) based
on the following successive approximations method:

Zy(v) =Y (v),

Zm(v) =Y (v) ® (FR) Z/e Ki(r,v) © G(Zm—-1(r))dr, 2z <rv<T <z, m>1,

()



which is convergent to F*. Also

D(F* (), Zn(v)) <~

_— >
< L(l—c)MO? VtE[zl,ZQ], m>1 (6)

is the error bound for Mo = sup,, <, <, [|G(Y (v))]|/

Proof:  We use the Banach fixed point principle to prove the theorem. Let us show
A: X — X and also prove the uniformly continuity of the operator A. We know the continuity
of Z on the compact set of [z1, z2] thus that is uniformly continuous and it follows

Ver > 03p1 > 0;D(Z(v1), Z(v2)) < e1 whenever vy — va| < p1,Yv1,v2 € |21, 22].
Also Ky, t =1,2,...,m' is uniformly continuous. Therefore for £; > 0 there is an estimate
| K (r,v1) — Ki(r,v2)| < & whenever vy —va| < pg, Yvi,v2 € [21, 22].

Assume that p = min{p1, p2, ..., ppv} and vi,v2 € [21, 22] with |v; — va| < pi. Applying
Lemma 1 and Theorem 1 one can write:

D(A(F)(v1), A(F)(v2))

m 0 (v) m g (v2)

< DY (v1),Y(v2)) + D((FR) Z/ Ki(r,v1) © G(Z(r))dr, (FR) Z/& Ki(r,v2) © G(Z(r))dr)

t=1 v O-1(v1) t=1 7 Or—1(v2)

0¢(v1) O(v2)
G(Z(r))dr, (]:R)/ 0dr)

<o+ LY [Kilrwn) - Kalro) DUFR) |
t=1 0¢—1(v2)

0r—1(v1)

m/

<e+ Z&(Qt(m) —0i—1(v1)) Mo
t=1
where My = sup,, <s<7<, IG(Y (r))||f. By choosing g1 = m%ﬂ and g; = (m/+1)(6t(7}1)€—9t—1(Ul))MO

we find D(A(F)(v1), A(F)(v2)) < €.
Thus A(F) is uniformly continuous for any F' € X, and so continuous on [z, z2], and hence
A(X) C X. Now, it can be proved the contracting map of the operator A. For 71,7 € X and



t e [2’1, 22]
D(A(Z1)(v), A(Z2)(v))

/

0+ (’U) n (U)

< DY (0),Y () + D(FR) Y. / Ki(r,0) © G(Zu(r)dr, (FR) S / Ky(r,v) © G(Za(r))dr)

a =1 Y 0i—1(v) i—1 7 0t-1(v)

m 0¢(v)
< Z/e ( )D(Kt(r,v) © G(Z1(r), (FR)K(r,v) ® G(Za(r)))dr
t=1 v Vt—1v

/

< LY M(6i(v) — 01(v))D*(Z1, Z2) = CD*(Z1, Za),
t=1

thus, D(A(Z1)(v), A(Z2)(v)) < CD*(Z1,Z3). As C < 1 and A is a contraction on the Banach
space (X, D*). Thus based on the Banach fixed point principle there is unique solution F™* in X
for Eq. (1) and

Cm
1-C

D(F*(v), Zm(v)) < D(F*, Zy,) < D*(Zo, Z1), 21 <v<T <z, m>1

Also one can write

/

0¢(v)
D*(Zo, Z1) = sup D(Y(v),Y(0) + (FR)S / Ki(r,0) © G(Z(r))dr)

z1<v<z2 =1 0r—1(v)

m/

0¢(v) 5
< sp Y /9 D@, Ki(r,v) © G(Zo(r)))dr

zZ1 SUSZ2 t=1 t—l(v)

’

Ko 0:(v) )
< ZMt/ sup D(0,G(Zo(r)))dr
t=1 0r—1(v) z1<v<22
m’ .
= ZMt(Qt(U) - etfl(v))MO — ZMO
t=1

Now it can be introducde the following numerical method to find the approximate solution
of (1). As
21 =09 <V < ... <VUp—-1 <VUp =29



where v; = a + th and h = =2 and one have the following iterative procedure as

yo(v) = Y (v),
) =Y() @Y 2o [vao,v) © Glym-1(10)) & Ki(vn, v) © Glym1(v2)
t=1

® ZEKt(vl,v) O] G(yml(vl))], m > 1.

Also the compact form of the relation is

yo(v) =Y (v),
m' n—1 h

() =Y () © Y- 3 5 © [ Ki01,0) © Gltn-1(1)) © Ki(11:0) © Glomr()] . m > 1.
t=1 =1

(7)

4 Error Estimation

Theorem 6. Assume that the nonlinear FVIE (1) with kernel Ki(r,v) along continuous curves
0:(v),t = 1,2,...,m" with positive sign on [z1, 23] X |21, 22|, G continuous on Ry and Y continuous
on [z1, z2]. Moreover there exists L > 0 such that

D(G(Z1(p)), G(Za2(p1))) < L.D(Z1(p), Z2(p1)), Vp,p1 € [21, 22).

For Cy = MiL(z3 — z1) < 1 where M; = max,, <, <7<z, |[K¢(r,v)|, then the successive scheme
(7) converges to the unique solution of (1), F' and the error estimation can be obtained as:

/

*(F, <§: (Y, h) +Z C Ly +§l: Ci + 26, (Lyws(Ky, )+ Low; (K, b))
ym = 2 2 wat 1,6% L 1— Ct) - 2LMt(1 — Ct) 1Ws( g, Wt L3¢,
where
wS(Kt)h) = sup {Sup |Kt($’v) - Kt(ya U)| : ’QT - y| < h}’ = 1727 "'7m,)
21 <v<T <z
and
wi(Ke, h) = sup  {sup|Ki(r,v1) — Ki(r,ve)| : |vg —wve| <A}, t=1,2,...,m/
21<s<T' <29

Proof: We know

!

m 0¢(v)
Zi(v) =Y (v) ® (FR) Z/@ ( )Kt(r,v) © G(Zy(r))dr, z1 <s,v<T < 29,
t—1\V



then
D(Z1(v),y1(v)) = D(Y(v),Y (v))

m 0¢(v)
D (FR Ki(r,v) © G(Zy(r))dr,

n (( >t21/9t_1(v) (r,0) © G(Zo(r))
m’ n—1 h
Z B ® [Kt(vl, v) © G(Zp(vr)) & Ki(v,v) © G(ZO(UI))]>
t=1 =0
n—1 m 6:(vy)

=D FR Ki(r,v) © G(Y (r))dr

(log >/9H(w) (r.v) © G(Y (1))

m’ n—1 h
Y © [Kil,0) © GOV () © Kilorin,0) © G(Y (04)]
t=1 [=0

Ot (vi41)
D((IR)/(a Ki(r,v) © G(Y (r))dr,

t—1(vr)

g © [Kt(vl, U) © G(Y(vl)) ©® Kt<’l)l+1, 1)) © G(Y(?}l+1))])

Ot (vi41)
D((]:R)/{9 Ki(r,v) © G(Y (r))dr,

t—1(vr)

g ® [Kt(r,v) ©GY (n))® K(r,v)® G(Y('Ul+1)):|>

m’ n—1
By D<Z O [Ki(r,v) ® G(Y (1)) & Ki(r,v) © G(Y (0141))],
t=1 =0

g O [Ki(v,v) © G(Y (07) @ Ki(vi41,0) © G(Y(WH))])



Applying the second part of the first corollary and regarding to Lemma 4 in [11] one have:

m’ n—1

01 (vi41)
D) <30 Y K oP(FR) [ G an o (60 () @ 60 ) )
t=1 1=0 B-1(v1)
m’ n—1
+ D<Z®Kt(r, v)®G(Y(vz)),Z©Kt(vlav)@G(Y(“l))>
t=1 =0
m’ n—1
# 3D © Kalr) © GO (). © Kiloran.0) © G (04)
t=1 1=0
m' n—1
< g Z | K (r, 'U)|w[vz,vz+1](G(Y)’ g)
t=1 1=0
h m’ n—1 ~
+3 |Ki(r,v) — K¢(vr,0)[D(G(Y (v)),0)
t=1 1=0
h m' n—1 ~
+ 5 |Kt(r,v) — Ki(vi41,0)|D(G(Y (v141)),0)
t=1 [=0

2 M6, — 0, -
S M=) (GO R+ 36— 1) Mowa (K B)

t=1 t=1
M (0, — 0,
_ Yy MO I) ey DG (). GO () i < 4
=1 0:—1<p,p1<0¢
—+ (Qt — Qt_l)MOws(Kh h)
t=1
M0, — 0,
S MO 0) G LDy ), Y () ¢ fu—pi] < B}
—1 2 0:—1<p,p1 <06
+ Z(Gt — Or—1) Mows (K¢, h)
t=1
" M,L(6; — 6, u
< S MO B) k) + S0 — 61 1) Moo (K )

2

I
—_
~+~

1

10



where My = supy, ,<s<p, [|G(Y (r))|l; and ws(Ky, h) is the partial modules of continuity. Thus

/

m’ C m C
t t
D(Zl (U)’ un (U)) é Z ?W[Ot,lﬁt](ya h) + Z mMOWs(Kb h)
t=1 t=1

We have
m/ 0:(v)
Zo(v) = Y(0) & (FR) S / Ki(r,v) © G(Za (r))dr,

=1 7/ 0t—1(v)

11



therefore

D(Z2(v),y2(v)) = D(Y (v), Y (v))

((]—"R S o Ka(rv) © G2y (r))dr,

L
| =

n

$ © [Ki(0,0) © Gl () © Kifuroa,0) © Gln(urs)] )

t=11

Il
o

m 0¢(v)
< D((]—'R) 3 /9 K0 oG,

i
L

M3

| >

® [Kt(r,v) ©G(Zi(n)) ® Ki(r,v) © G(Zl('l)l+1)):|)

)
N
—
I

o

i
L

| >

© [Kqi(r,v) © G(Z1(n)) ® Ki(r,v) © G(Z1(v141))],

M3

+2(

W
Il
—
o~
Il
<)

i
L

| >

© [Ki(r,0) © Glys () & Ki(r,v) © G<y1<vl+1>>])

M3

w
Il
_.
o~
I
o

i
L

| >

O [Kqi(r,v) © Gyr(v)) & Ki(r,v) © Gyi(vi41))],

M3

+2(

W
I
—_
o~
Il
<)

L
| >

n

© [Ki(v,v) © Gyi(v)) ® Ki(vig1,v) © Gy (vz+1))]>

M3

t

Il
—

l

Il
o

ZMt S e EARa +2Mt(’t29t1>{p@(zl(w)),e(yl(vz)))

=1 =1
+D(G(Z1(vi41)), G (UI—H)))] + Z(9t — 0p—1) Myws(Ky, h)
=1

uiNe) Uye) C,
27 001,00 (Z1, R +Z2t[ (Z1(ve), y1(v)) + D(Z1(vig1), Y1 (vig) ]+ZLMtM1“S(Kt7h)

=1

~+

where My = supy, | <s<p, |G(y1(7))|lr. Applying (5) and (7) and using induction for m > 3 it

12



can be concluded

D(Zn(0), ym(v)) <Z S AN Zi[ Zonr (10) Y1 (00)
. (5)

m
+D(Zp—1(vi41)s Ym—1(vi41) } +ZLM m—1ws (K¢, h)
t

where My, 1 = supy, ,<y<q, |G(Ym-1(v))||r. Taking supremum for z; < v < zp from (8) we
have

/

mvym Z Wi, — 19t] L — 17h)+ZCtD( m—1,Ym—1 +ZLM,5 1w5(Kt7h)7
t=1 t=1
D*(Zm—1,Ym—1 <Z - Wior_1,0) m—27h)+ZCD (Zm—2, Ym—2 +ZLMt —ows (K, h),
t=1

. Wiye} Wo
D (Ziy) < Z; o 100(Y ) D am Mow (K, ).
t=1

~+

(9)

If one multiple the above inequality to 1, Cy, ..., C’tm*1 and find the summation then

* - C m—
D*(Zm:tm) <Y jt <W[9t1,9t} (Zn-1,h) + Cowpo,_, 01 (Zm—2,h) + . + CI" ey, 0 (Y, h))
t=1

’

Ct m—1
+gmws(Kt7h)(Mm 1+ CitMpy—2 + ... + C"" " Mp).

(10)

13



Moreover for vy, v € [21, 23] with |v; — vy < h| one can write

D(Zp(v1), Zim(v2))

m 0¢(v1)
= D(Y(vl) @ O(FR) Z/e Ki(r,v1) © G(Zm—1(r))dr,

t=1 t—l('Ul)

Y (v2) ® O(FR) Z/ (r,v2) © G(Zp, (r))dr)

m/ Qt(’Ul) B
SD(Y(vl),Y(vz)HZ/e ( )IKt(r,m) Ki(r,v2)|D(G(Zm-1(r)), 0)dr
t=1 t—1(V1

< D(Y(Ul), Y(UQ)) + Z L(]jwt (Kt, h)Mm 1

where w; (K¢, h) is the partial modulus of continuity with respect to t. Let M, | = supy, | <5<, |G(Zm
then we can find the relation Z,, and Y as:

Cy
LM,

Wior 1,00 (Zmy ) < wpo,_y 09 (Vo) + D wi (K, h) My, ;. (11)
t=1

And if we substitute above inequality into (10) we obtain

ZA+C+CH+ .+ C Nwio, 100V h)

@
3

S
3
Ms
I\DQ

— C
+Z SIL Yt wi(Kt, B)(CeMy,_y + CEMy,_5 + ... + C" ™' M) (12)

+> —wi (K, h) (M1 + CiMp_g + ... + C7" ' Mo).
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Let L1 = maxogigm_l{Mi} and L2 = maxogigm_g{Mi’} thus

2L M,
m/
Ct m—1
+ mwS(Ktah)(1+Ct++Ct )Ll
t=1
From other hand 111%T < lf%t,t =1,2,...,m for each m € N thus
D) €32 Yt oy V1
—  w
maym — P 2(1 _ Ct) [9t71,0t} I
02420,

——t T ([ws(Ks, Lowi(Ky, h)).
£ QLMt(l—Ct)(Llw (Kt h)+ th( t ))

Applying the inequality (6) we can write

i C2 420,

ST (1 Cy) L1 (B h) o Lown (Ko, 1)),

t=1

Since

m 0¢(v)
D(Z1(v), Zo(0)) =D(Y<v>ea<m>2 [ Kitr o G zow))

=1 Y 0i—1(v)

i / " Ki(r,v) © G(Zo(r))dr, ())

<D ((.7-"7'\’,)
t=1 7 0t—1(v)
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we obtain

D*(Z1,Z0) <Y M0 —6;_1) sup D(G(Y(r)),0)

Or—1<5<0¢

Thus we get

C? +2C,
+3 ST (L (K ) + Lowi(Ky, h)).O
t=1

Remark 1. As we know C; < 1,t =1,2,....m' and it shows lim,, oo C7""1 =0t =1,2,...,m".
And we have

. . . /
}lllg%)w[gt_l,gt](Y, h) =0, flllg(l)ws(Kt,h) =0, }lg%wt(Kt,h) =0, t=1,2,...m'.

The convergence of this scheme can be obtained by limy, oo h—0 D*(F, ym) = 0.

5 Numerical Results

In this section some examples are presented. We apply the mentioned method for solving the
problems.This is the first time that the problem (1) has been solved and there are no other
methods to compare with. But in order to show the accuracy of the method we compare to the
homotopy analysis method. All the mentioned examples are simulated problems.

Example 1. We consider the problem (1) with Ki(r,v) =1+ v —1r, Ko(r,v) =v —1,m' = 2,
a=0o(v) =0,01(v) = 5§ and O2(v) = v where

Y

81 324

Y
324

and the exact solution (F(v), F(v)) = ((u—2)(v? —1), (u—2)(v?+1)). The comparison between

the exact solution (F(v), F(v)) and approzimate solution (Fy4(v), F1p(v)) for u = 0.5 can be
found in Fig. 1. The absolute errors for m = 10 are presented in Fig. 2. Also the graph
of obtained solutions for various r is presented in Fig. 3. Table 1 is to show the comparison

between the absolute errors of the successive approximation and the HAM.

16
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Figure 1: Comparison between the exact solution (F(v),F(v)) and approximate solution

(Fo(v), F1p(v)) for p = 0.5.

Error
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Error
3.x107"18 1
2.x107"8 -

1.x107 1 -

0.2

Figure 2: The absolute error for (F,(v), F1o(v)) and pu = 0.5.

Table 1: The errors of the successive approximation method and the HAM.

v |F(v) = Fip(v)| | [F(v) = Fio(v)] | [E(v) = Egap()| | [F(v) = Fram(v)]
0.00 | 0 0 0 0

0.25 | 2.22045 x 10716 | 4.44089 x 10716 | 1.53211 x 10~ 14 1.55431 x 10~
0.50 | 6.70575 x 10714 | 6.83897 x 1014 | 1.88627 x 10~!2 1.93756 x 10712
0.75 | 3.39395 x 10713 | 3.53051 x 1013 | 7.3529 x 1012 7.74225 x 10712
1.00 | 8.99281 x 10~1° | 9.32587 x 10~15 | 3.61256 x 1013 3.65485 x 10713
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E(v) for y=0.25
- E(v) for y=0.5
E(v) for y=0.75
rrrrr E(v) for y=1.0
F(v) for py=0.25
-——- F(v) for y=0.5
- F(v) for py=0.75

F(v) for py=1.0

Figure 3: Fuzzy approximate solution for various p.

Example 2. We have Ki(r,v) = v, Ka(r,v) = v — 1, K3(r,v) =r —v,m’ =3, 21 = 6p(v) =
0,01(v) = ,02(v) = 2 and 03(v) = v, with nonlinear term G(Z(r)) = F3(r) where

3/—(1_Mﬂ;+(Hﬂﬂ—l+40%—1+vwm)_(uwmﬂmow_1+ﬂpmw

10737418240 118111600640

Y = (24 o 1023(2 + )2 (=1 +v)o'®  1073733109(2 + p)3v!?
= v —

a 10737418240 118111600640 '

and the exact solution (F(v), F(v)) = (1 — p)v3, (n + 2)v3). The comparative graphs between
the exact and approximate solutions (Fop(v), Fa0(v)) have been presented in Fig. 4 for u = 0.5.
Fig. 5 shows the absolute errors for both underline and overline cases. Fig. 6 demonstrates the
approzimate solutions (Foy(v), Fao(v)) for various . In order to show efficiency and accuracy of
the method, we have compared the successive approximation method with the traditional homotopy
analysis method. The results have been shown in Table 2.

Table 2: The errors of the successive approximation method and the HAM.

v | E@W) = Fa(v)] | [F(v) = Fao(v)] | [E(v) = Fgan ()] | [F(v) = Fram(v)
0.00 | 0 0 0 0

0.25 | 0.0000253047 | 0.000126491 0.0000521732 0.000358749
0.50 | 0.00077713 0.00381917 0.00084267 0.00417518

0.75 | 0.00574238 0.0229733 0.0079563421 0.05269427

1.00 | 0.0228692 0.0211465 0.024871277 0.02565382
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Figure 4: Comparison between the exact solution (F (v), F(v)) and approximate solution
(£20(v), F20(v)) for = 0.5.
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Figure 5: The absolute error for (Fyy(v), Fao(v)) and p = 0.5.
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Figure 6: Fuzzy approximate solution for various u.

6 Conclusion

In this work, the fuzzy Volterra integral equation of the second kind with piecewise kernel was
studied.We applied the successive approximation scheme. This is the first time that the method
has been implemented for solving this problem. The existence of an unique solution with the
error bound and also the error estimation theorems were discussed. Some examples have been
solved. Plotting the graphs of fuzzy approximate solutions for various p and error functions we
showed the accuracy of the method. Also the method has been compared with the traditional
homotopy analysis method and we can see that the method is more accurate than the HAM.
As the limitations of the method, generally the iterative methods are not fast thus when we
need to make more iterations we need more time. Also for solving nonlinear problems if we
have special and complicated nonlinear terms, applying the successive approximation method
will not be easy. As our future works, we will combine the method with the CESTAC-CADNA
strategy to find the numerical optimality results and optimal distance.

Funding

The research was supported by RSF (Project No. 22-29-01619).

References

[1] D. Sidorov, Integral Dynamical Models: Singularities, Signals and Control. Wold Scientifc.
Singapore. 2014.

20



2]

A. Apartsyn, Nonclassical Linear Volterra Equations of the First Kind. Inverse and ill-posed
problems series, Vol. 39. Utrecht, Boston: VSP. 2003, 168 p.

B. Bede, S.G. Gal, Quadrature rules for integrals of fuzzy-number-valued functions, Fuzzy
Sets and Systems 145 (2004) 359-380.

D. Dubois, H. Prade, Towards fuzzy differential caculus, Fuzzy Sets and Systems 8 (1982)
1-7 (105-116, 225-233).

M. Friedman, M. Ma, A. Kandel, Solutions to fuzzy integral equations with arbitrary
kernels, International Journal of Approximate Reasoning 20 (1999) 249-262.

R. Goetschel, W. Voxman, Elementary fuzzy calculus, Fuzzy Sets and Systems 18 (1986)
31-43.

O. Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems 24 (1987) 301-317.
S. Nanda, On integration of fuzzy mappings, Fuzzy Sets and Systems 32 (1989) 95-101.

J.Y. Park, J.U. Jeong, A note on fuzzy integral equations, Fuzzy Sets Systems 108 (1999)
193-200.

J.Y. Park, H.K. Han, Existence and uniqueness theorem for a solution of fuzzy Volterra
integral equations, Fuzzy Sets Systems 105 (1999) 481-488.

S. Ziari, S. Abbasbandy, Open fuzzy quadrature rule for nonlinear fuzzy integral equations
with error approximation, Mathematical Researches 7(4) (1400) 781-796

S. Farzaneh Javan, S. Abbasbandy, M. A. Fariborzi Araghi, Reproducing Kernel Hilbert
space method for solving fuzzy integral equations of the second kind, J. New Researches in
Mathematics 8(36) (2022) 29-42.

SS Asari, M Amirfakhrian, S Chakraverty, Application of radial basis functions in solving
fuzzy integral equations, Neural Computing and Applications 31 (10), 6373-6381 2019

M Amirfakhrian, K Shakibi, R Rodriguez Lépez, Fuzzy quasi-interpolation solution for
Fredholm fuzzy integral equations of second kind, Soft Computing 21 (15), 4323-4333 2017

T Allahviranloo, S Salahshour, Advances in Fuzzy Integral and Differential Equations,
Springer 2022

T. Allahviranloo, R. Saneifard, R. Saneifard, F. Kiani, S. Noeiaghdam, V. Govin-
dan, The Best Approximation of Generalized Fuzzy Numbers Based on Scaled
Metric, Journal of Mathematics, Volume 2022, Article ID 1414415, &8 pages.
https://doi.org/10.1155,/2022,/1414415

S. Noeiaghdam, M.A. Fariborzi Araghi, S. Abbasbandy, Valid implementation of Sinc-
collocation method to solve the fuzzy Fredholm integral equation, Journal of Computational
and Applied Mathematics, 370 (2020) 112632. https://doi.org/10.1016/j.cam.2019.112632

21



[18]

[19]

[23]

[24]

M. A. Fariborzi Araghi, S. Noeiaghdam, Homotopy analysis transform method
for solving generalized Abel’s fuzzy integral equations of the first kind, 4th Ira-
nian Joint Congress on Fuzzy and Intelligent Systems, CFIS 2015, 2016, 7391645.
https://doi.org/10.1109/CFIS.2015.7391645

M.A. Fariborzi Araghi, S. Noeiaghdam (2022) Finding Optimal Results in the Homotopy
Analysis Method to Solve Fuzzy Integral Equations. In: Allahviranloo T., Salahshour S.
(eds) Advances in Fuzzy Integral and Differential Equations. Studies in Fuzziness and Soft
Computing, vol 412. Springer, Cham. https://doi.org/10.1007/978-3-030-73711-5_7

Chapter: S. Noeiaghdam, M. A. Fariborzi Araghi, (2021) Application of the CESTAC
Method to Find the Optimal Iteration of the Homotopy Analysis Method for Solving Fuzzy
Integral Equations. In: Allahviranloo T., Salahshour S., Arica N. (eds) Progress in Intelli-
gent Decision Science. IDS 2020. Advances in Intelligent Systems and Computing, vol 1301.
Springer, Cham. https://doi.org/10.1007/978-3-030-66501-2_49

7. Alijani, U. Kangro, Numerical solution of a linear fuzzy Volterra integral equation of the
second kind with weakly singular kernels, 26 (2022) 12009-12022.

Z. Alijani, U. Kangro, On the Smoothness of the Solution of Fuzzy Volterra Integral Equa-
tions of the Second Kind with Weakly Singular Kernels, Numerical Functional Analysis and
Optimization, 42 (7) (2021) 819-833. https://doi.org/10.1080/01630563.2021.1931312

M. V. Falaleev, N. A. Sidorov, D. N. Sidorov, “Generalized solutions of Volterra integral
equations of the first kind”, Lobachevskii J. Math., 20 (2005), 47-57

N. A. Sidorov, M. V. Falaleev, D. N. Sidorov, “Generalized solutions of Volterra integral
equations of the first kind”, Bulletin of the Malaysian Mathematical Sciences Society, 28:2
(2006), 101-109

I. R. Muftahov, D. N. Sidorov, “Solvability and numerical solutions of systems of nonlinear
Volterra integral equations of the first kind with piecewise continuous kernels”, Vestn.
YuUrGU. Ser. Matem. modelirovanie i programmirovanie, 9:1 (2016), 130-136

N. A. Sidorov, D. N. Sidorov, “On the Solvability of a Class of Volterra Operator Equations
of the First Kind with Piecewise Continuous Kernels”, Math. Notes, 96:5 (2014), 811-826

D. N. Sidorov, “Solvability of systems of integral Volterra equations of the first kind with
piecewise continuous kernels”, Russian Math. (Iz. VUZ), 57:1 (2013), 54-63

N.A. Sidorov, D.N. Sidorov, A.V. Krasnik, “Solution of Volterra operator-integral equations
in the nonregular case by the successive approximation method”, Differential Equations,
46:6 (2010), 882-891

Muftahov I., Tynda A., Sidorov D., “Numeric solution of Volterra integral equations of the
first kind with discontinuous kernels”, Journal of Computational and Applied Mathematics,
2017, 119-128

22



[30]

[34]

A. Tynda, S. Noeiaghdam, D. Sidorov, Polynomial Spline Collocation Method for Solving
Weakly Regular Volterra Integral Equations of the First Kind. The Bulletin of Irkutsk State
University. Series Mathematics, 2022, vol. 39, pp. 62-79. https://doi.org/10.26516,/1997-
7670.2022.39.62

S. Noeiaghdam, S. Micula, A Novel Method for Solving Second Kind Volterra
Integral Equations with Discontinuous Kernel. Mathematics 2021, 9, 2172.
https://doi.org/10.3390/math9172172

S. Noeiaghdam, D. Sidorov, Integral equations: Theories, Approximations and Applica-
tions, Symmetry 2021, 13, 1402. https://doi.org/10.3390/sym13081402

S. Noeiaghdam, D. Sidorov, A. M. Wazwaz, N. Sidorov, V. Sizikov, The numerical valida-
tion of the Adomian decomposition method for solving Volterra integral equation with
discontinuous kernel using the CESTAC method, Mathematics, 2021, 9(3), 1-15, 260.
https://doi.org/10.3390/math9030260

S. Noeiaghdam, A. Dreglea, J. H. He, Z. Avazzadeh, M. Suleman, M. A. Fariborzi Araghi, D.
Sidorov, N. Sidorov, Error estimation of the homotopy perturbation method to solve second
kind Volterra integral equations with piecewise smooth kernels: Application of the CADNA
library, Symmetry, 2020, 12(10), 1-16, 1730. https://doi.org/10.3390/sym12101730

S. Noeiaghdam, D. Sidorov, V. Sizikov, N. Sidorov, Control of accuracy on Taylor-
collocation method to solve the weakly regular Volterra integral equations of the first kind
by using the CESTAC method, Applied and Computational Mathematics an International
Journal, 19 (1) (2020) 81-105.

23



